isomorphic spaces even though more general results can be obtained. In the first four sections we describe the geometry of ordered symmetric spaces to the extend we need in the sequel. In Section 5 we construct a family of spherical functions parametrized by an open subset £ -j-ia* C a^, where a is a certain abelian subalgebra in q, the tangent space of M. at 1H. The formula is similar to that for Riemannian symmetric spaces : (x) = ( e^-^^dh.
JH IH As H is non-compact in this case, one needs to restrict both A and x. In particular we have to assume that x > 1H. Section 6 is devoted to the study of the asymptotic behavior of (p\. We introduce the c-function associated to the ordered symmetric space M.. This function is a product of two c-functions, one of them being the Harish-Chandra c-function associated to a Riemannian sub-symmetric space contained in M. and the other a function constructed by an integral over a bounded real symmetric domain. In Section 7 we relate the spherical functions to H -spherical distributions associated with principal series representations of G.
In Section 8 we introduce the spherical Laplace transform of invariant causal kernels on M., and, what is the same, It-invariant functions on the positive part. The Laplace transform is defined by £(/)(A) = / f^e^-^^dx.
JM IM
This integral does not converge for all A. If / has compact support modulo H^ then the integral converges for A € £ + id*. We also introduce the Abel transform of an invariant causal kernel, and show that the spherical Laplace and Abel transforms are related by a classical Laplace transform. In the last two sections we present special cases for which we can actually invert the spherical Laplace transform. For M. of the form GC/GR, by using a formula of Delorme, we are able to invert both Laplace and Abel transforms. His formula also shows, that c{\)~l^p\ has an analytic extension to %a*. Let S be the semigroup
S = [g e G I gH ^ 1H}.
We prove In Section 10 we consider for n ^ 2 the symmetric space .M = SOo(l,n)/SOo(l,n -1). Here we first invert the Abel transform by using the Riemann-Liouville transform and then by using that we invert the spherical Laplace transform.
The paper is organized as follows : Let M. be a differentiable manifold of dimension n. A causal structure on M is a field of cones M 3 x ^ Cx C T^M. The cone Cx is assumed to be closed, convex, proper (Cx^-Cx = 0), and with non-empty interior (i.e., generating Cy, -Cx = T^M). Furthermore the cone Cx depends smoothly on x. More precisely, for a family of open subsets U covering A^, there exist smooth maps^u
'.Uxy -^T(M)
with (f)u(x^) C T^{M), and there is a cone C in R 71 such that
Cx=(t>u{x,C)
for x € U. A piecewise C^-curve 7: [a, f3] -^ M is said to be causal, if, for all t^ the derivative 7^) belongs to the cone G^) (the right derivative if (t) has a discontinuity at ^). The causal structure is said to be global if there exists no non trivial closed causal curve. In that case one defines a partial ordering on M in the following way : one writes x ^ y if there exists a causal curve from x to y. For re, y in .M, we define the interval D{x^ y),
In general these order intervals are not closed, but in the case we will consider they are even compact. The causal manifold is said to be globally hyperbolic if the intervals are all compact.
Assume that M. is a homogeneous manifold, i.e., M. = G/H, where G is a Lie group and H a closed subgroup. For g in G we denote by ig the map
The causal structure is said to be G-invariant if, for all g G G', and x € M.
C^=dW{C^).
Let Xo = 1H^ where 1 is the unit in G. Then a G-invariant causal structure is determined by the cone G^ in T^(.M), which is invariant under Jf, i.e., under the linear transformations d^(xo)-> h e H.
To a global invariant causal structure on M.^ one associates the semigroup
One can easily see, that S D S'" 1 = H. For more information on causal structures on homogeneous spaces we refer to [La89] .
Causal symmetric spaces.
The results of this section are taken from [6la90] . The earliest reference to the objects studied is [0182] . Let {G^H) be a symmetric pair, i.e., G is a connected Lie group, H is a closed subgroup, and there exists an involutive automorphism r of G such that (G^o C H C G\   SPHERICAL FUNCTIONS ON ORDERED SYMMETRIC SPACES   931 where G r = {g € G | r(^) = ^}, and (G^o is the identity component in G T . As in the introduction we let M. = G/H. Let Q and ^ be the Lie algebras of G and H and denote the differential of r also by the same letter. Then
The tangent space at Xo of .M can be identified with q. In this identification d£h(xo), h € H corresponds to Ad(h). Therefore an invariant causal structure on M. is determined by a cone C in q with the properties -C is closed, convex, proper, generating
To see that the cone field gH ^ (d£g)(xo)(C) is smooth, we choose a zero neighborhood U C q such that Exp :
Assume that G is semisimple with finite center. Let 6 be a Cartan involution of G commuting with r. Let K be the corresponding maximal compact subgroup of G. Its Lie algebra is given by t = [X e s I W = ^}. Assume further that (5, ()) is irreducible^ i.e., there is no non-trivial ideal in Q which is invariant under r. If qo 7^ {0}, then one of the following cases occurs :
Case (2) dim qo = 1, qo S q H p. Case (3) dimqo = 2.
In Case (1) let C be a cone in q which is closed, convex, proper, and Ad^-invariant, then C is generating and C° H (q D 6) ^ 0, where C°d enotes the interior of C, or equivalently C D ^ {0}. This defines on M an invariant causal structure which is not global. In fact, if Xo is a non-zero element of qo, then the curve t ^ Exp(tXo) is causal and closed.
In Case (2) let G be a cone in q which is closed, convex, proper, and Ad (Jf ^invariant, then C is generating, and C° D (q H p) -^ 0. We will see below that in this case the associated causal structure is global and globally hyperbolic.
In Case (3) we have qo = qo H ^ + qo H p and each of these subspaces of qo has dimension 1. There are four invariant causal structures on .M, two of which are global and globally hyperbolic whereas the others are not global.
We consider a few examples, for a complete classification see [6la90] . (iii) The symmetric space S0o(2, n -l)/SOo(l, n -1) for n ^ 3. Define the involution r as conjugation by l^n. Then H = G^ ^ S0o(l,7z -1). The bilinear form -13|q, B the Killing form on so(2, n-1), defines a Lorentzian form on q. Each component of the light cone {X € q | -B(X,X) ^ 0} defines an S0o(2,n -l)-invariant causal structure on the Lorentzian manifold S0o(2,n -l)/SOo(l,n -1) which is not global.
Case (2)
(iv) Let 1) be a simple Hermitean Lie algebra, G a connected complex Lie group with Lie algebra Q = t)c and assume that the conjugation r of Q with respect to () can be lifted to G. Then q = i\} and, if H = (G r )o, then HnK is a maximal compact subgroup of H. We have qo == %3, where 3 is the center of ^o =^r\t. These symmetric spaces M. = G/H were first studied by Olshanskii, and we will call them symmetric spaces of Olshanskii type. (vi) The Lorentzian space SOo(l,n)/SOo(l,n -1) for n ^ 3. This space is treated in Section 9 of this paper. (viii) The symmetric spaces Sp(n,R)/GL(n,M).
(ix) The symmetric spaces U(n,n)/GL(n,C).
A semisimple symmetric space equipped with a global causal structure will be said to be ordered.
Assume that there exists in p D q a non-zero vector Xo which is invariant under Ad(HnK) and such that the projection on every irreducible component is non-zero. Then it can be shown, see [6la90] , that the centralizer of Xo in Q equals C H \) C p H q. Thus if a is maximal abelian in p H q, then Xo C a and a is maximal abelian in p. 
Symmetric spaces of Olshanskii type.
In this section we specify our notation from the last section to the symmetric spaces of Olshanskii type. The notation is the same as in Example (iv).
Let 1) be a simple Hermitean Lie algebra and Q = ()c its complexification. Let G be a connected complex Lie group with Lie algebra Q such that the conjugation r of g with respect to () can be lifted to G, and let H be a subgroup of G with Lie algebra (),
(G^ C H C G\
Let C be a cone in H) with the properties -C is closed, convex, proper, generating,
The cone C defines an invariant causal structure on M. = G/H which is global. The associated semigroup S is given by S = exp(C)7:f and S is homeomorphic to C x H (cf. [0181] , Theorem 3.5). Moreover M with this causal structure is globally hyperbolic (cf. [Fa91] , Theoreme 4). We can choose an element Zo € 3^ H I}) defining a complex structure on H/HnK, where 3(tn()) is the center oHn() which is one dimensional since () is Hermitean and simple. Let Xo = -iZo, then adXo has eigenvalues 0, =L1. Thus our notation is related to the classical one, see [He78] or [Wo72] , by
the Borel realization of the non-compact Hermitean symmetric space H/(Kr\H).
We assume now that C = Gmax.
Proof. -Let g C F, then ^/o € j9^o, or g e HGoN^. We write the Iwasawa decomposition of Go,
Go=KoANo,
and since KQ C H and M)M = N we have ^ e ffATV and g~1 e NAH. 
Ordered symmetric spaces.
We now describe the ordered symmetric spaces which we will use and fix the notation. For the proofs of the structure theoretic results we refer to the forthcoming book [OH92] .
Let (fl, t)) be a symmetric pair, with Q semisimple, associated with the involution r. Let GC be a linear connected complex Lie group with Lie algebra gc-We assume that r can be lifted as a holomorphic involution of Gc, and that the conjugation a of Qc with respect to Q can be lifted to an 
-M. is an ordered symmetric space which is globallyhyperbolic. Let S be the associated semigroup, then S = exp(C)H.
We have H C ^V-iGo^i, and we define D as the H-orbit of the basepoint in G/GQN\. Then D is the "Borel realization" of H/KQ^ where
=expP, PCn-i, then P is the "Harish Chandra realization" of H/KQ. Let PC be the HarishChandra realization in (n-i)c of the Hermitean symmetric space G 0 /!^0. Then V = Vc H n-i. Therefore P and Q are bounded domains. We have (see [6la90] The following theorem due to Neeb (see [Ne91] , Proposition IV. 17 and Corollary IV. 18) will be crucial in the proof of the convergence of various integrals over H.
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The following fact will be used later on. Let WQ be the Weyl group associated with the root system Ao. It can be identified with A^(a)/Z^(a) and the cone Cmax can be reconstructed from the Weyl chamber a-= [X e a | Va C A^ a(X) < 0} using WQ,
Spherical functions.
We come to the proper subject of the paper. Let M. = G/H be an ordered symmetric space as in the last section. We assume that the ordering is associated with the cone Cmax?
A spherical function is a function (p defined on the interior 5'° of 5' such that for alia;,?/ € S°,
H 3 h\-> (^(xhy) C C is integrable, and / (p(xhy)dh = ip{x)ip(y), JH
where dh is a Haar-measure on H. We remark here that we will use the same normalization of measures as in [He84] Proof. -For g e NAH one writes
with n G N and h(g) € H. We prove first This shows that the convergence of the integral denning ^p\(x) only depends on A and not on a:, a remark which will be used in Section 8. Proof. -Assume that, for all a € A+, (p + /^,a) < 0. Then, by Lemma 4.1 in [6la87] , the function g ^ an^g)^^ is continuous on G. Therefore it is bounded on the compact set KHNAH^ hence integrable over KnNAH. D 
Proof. -
We use the following fact which follows from Lemma 5.1 above and Lemma 1.3 in [6la87]. A function / on H is integrable if and only if f(h(k))aH(k) 2p is integrable over K D NAH^ and (5.3) { f{h)dh= f f^k^anW^dk. JH JKHNAH Therefore, for SRA € 8, (x) = / a^kxY^anW^dk. JKHNAH Let x € 5°, g = x- 1 C F 0 . By Theorem 4.2, g{D) C D. Let L = K H NAH. Since L~l/GoN-i is contained in D, then gL~l/GoN-i is contained in D,
J Kr\\H 'KQ\H
The Weyl group WQ associated with the root system Ao is the Weyl group for the Riemannian symmetric space GQ/KQ. As wpi = pi for all w € WQ, the Weyl group invariance of the spherical functions in the Riemannian case yields 
Convergence of integrals and asymptotics.
To study the convergence set £ and the asymptotic behaviour of the spherical function (p\ we will carry the integral defining (p\ to an integral over 'N D NAH. as an^x) = a(x), for x C Go. D COROLLARY 6.4.
-P+c^C£. 
J7Vn^AP
roof. -First we notice that for all / C L^ff) right M-invariant we have thus by Proposition 6.3 and Proposition 6.6 it suffices to show that one can apply the dominated convergence theorem of Lebesgue. For 0 < 6 < 1 we set A(6) = {a e A-| Va e A+, a 0 < 6}, = (J a'^a.
aeA(<$)
By Theorem 4.2 a-^a is relatively compact since a~1 e r°. If a 0 ^ ^a for all a e A+, then ba-1 e r and a-^a C fc-^^. It follows that î s relatively compact in ^2. From Lemma 6.7 it follows that, for ^ = SRA, n=no^i? ^ e A(^),
There exists e, 0 < e < 1, such that po -e^i e a'j_.
Using the properties 
/^ 7F
urthermore, for /^ € a^, t e^^^dno = co(^) < oo. D
JNo
In a completely analogous way we obtain
for a € A and A € S.
From (6.1) and Corollary 5.6 we deduce the following corollary using the Wo-i^variance of the c-function CQ for GQ/KQ. COROLLARY 6.9.
c^{s\) =c^(A)
for all s e WQ.
Spherical functions and spherical distributions.
The spherical functions (p\ are related to I^-spherical distributions associated with principal series representations of G. More precisely we will show that (p\ is the restriction to S° of a H -spherical distribution Q\.
We start by giving some definitions and results (cf [Ba88] , [6la87] ). Recall that M denotes the centralizer of A in H which is also the centralizer of A in K (Lemma 5.1). For A e a^ let (TT\,I\) be the representation of We recall some definitions and results from [Fa91] . Let M. == G/H be an ordered semisimple symmetric space. A causal kernel or Volterra kernel on M. is a function on M. x M. which is continuous on {(x^y) \ x ^ y} and zero outside this set. We compose two such kernels -Fi and F^ via the formula
where dz is an invariant measure on M.. This definition makes sense because M. is globally hyperbolic. With respect to this multiplication the set V{M) becomes an algebra, called the Volterra, algebra of M.. A Volterra kernel is said to be invariant if
The space V{M)^ of all invariant Volterra kernels is a commutative subalgebra of V(A4) by [Fa91] , Theoreme 1. An invariant kernel is determined by the function
The function / is continuous on S'Xoi jff-invariant and supported on S -XoŜ Proof. -We will only prove the second statement as the first one follows in the same way noticing that
Conversely if / is an
Let g e S then a change of variables x' = g~^x together with (5.2) yields
/ f(g~lx)aH(xyx dx = ^((^-^/(A). JM
Now we calculate using Fubini's Theorem
Next we want to compute the spherical Laplace transform using "polar coordinates", i.e., the decomposition HAH. For that we use the fact that the map (ii) (ps\ = ^x tor all s € Wo.
Proof.
(i) This is an immediate consequence of Propositions 8.5 and 8.6. In this section we assume that M. = G/H is a symmetric space of Olshanskii type, G is a complex group, H a real form of G (cf. Section 3). We will prove an inversion formula for the spherical Laplace transform and for the Abel transform. By Theorem 7.2 (p\ is the restriction to 5'° of an H -spherical distribution Q\ . In the present case Delorme gave an explicit formula for Q\ ( with a constant 7 depending only on M.
In the special case G = GL(n, C), H = U(p, q), the preceding formula has been proved by direct computation of the integral defining (p\ ([Fa87], Theoreme 7).
As Go/Kr\H = Kc/K, the Harish-Chandra c-function for this space is well known to be This shows that we are allowed to exchange the order of differentiation with respect to a and integration. From this we get We identify a£ with C by C 3 z ^ -za e a^ and then p = -(n -1)/2.
We will give an explicit formula for the spherical function 
